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Let A1(G) and A(G), respectively, denote the largest eigenvalue and the maximum
degree of a graph G. Let 75, be the set of trees with perfect matchings on 2m vertices,
and T'Z(n?) = (T € 15,,|A(T) = A}. Among the trees in ’Tz(n?)(m > 2), we characterize
the tree which alone minimizes the largest eigenvalue, as well as the tree which alone
maximizes the largest eigenvalue when [4] 4+ 1 < A < m. Furthermore, it is proved

that, for two trees 71 and T, in 75, (m > 4), if PT’"-‘ < A(T)) < m and A(Ty) >
A(T), then 11(Ty) > A (T2).
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1. Introduction

Let G be a simple graph with vertex set V(G) = {v, v2, ..., v,} and A(G)
the adjacency matrix of G. The characteristic polynomial of G is just P(G, 1) =
det(AI — A(G)). Since A(G) is a real symmetric matrix, all of its eigenvalues
ri(G), i = 1,2,...,n, are real. We assume, without loss of generality, that
AM(G) = 2 (G) = - -+ = Ay(G), and call them the eigenvalues (or the spectrum) of
G. Particularly, A{(G) is called the largest eigenvalue (or the spectral radius, or
the index) of G. Throughout this paper, we denote the set of trees on n vertices
and the set of trees with perfect matchings on 2m vertices by F,, and 7>,,, respec-
tively. Let dg(v) denote the degree of a vertex v of G, and A(G) the maximum
degree of G. Let Fy™ = (T € F,|A(T) = A} and T, = (T € To,,| A(T) = A}.

Spectra of graphs are important graph structural invariants, which have
numerous applications in chemistry. In quantum chemistry the skeletons of cer-
tain non-saturated hydrocarbon molecules are represented by so-called molecu-
lar graphs. In [1, 2] it was recognized that the famous Hiickel molecular orbital
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(HMO) theory is fully equivalent to the graph spectral theory, namely, the eigen-
values of the adjacency matrix of a molecular graph are identical with Hiickel
orbital energy levels, and the eigenvectors are identical with the Hiickel molec-
ular orbitals. In particular, following a suggestion by Lovasz and Pelikan [3],
and Cvetkovi¢ and Gutman [4] proposed that the spectral radius of a molecular
graph be used as a measure of branching of the molecule. Therefore, since the
fifties last century, eigenvalues of graphs have been intensively investigated (see
[5-7]). In particular, the largest eigenvalues of trees, unicyclic graphs and bicy-
clic graphs were considered (see [8—17]).

Most of the early results of the graph spectral theory are concerned with
the relation between spectral and structural properties of a graph. As for the
relation between A1(G) and A(G) for a graph G, it is well known that /A(G) <
A (G) < A(G) (see [4]). If G is just a tree, Godsil [13] showed that 1(G) <
2V A(G) — 1. We [14] considered the relation for a tree in F,. Let B, ,—a+1(2 <
A <n—1) be a so-called broom (see [18]) and Tllj (i+j =n—2) a double star,

as shown in figure 1. We showed that among the trees in .F,EA)(n >4), By n—a+1
alone minimizes the largest eigenvalue, as well TAl_ | n_a_; alone maximizes the
largest eigenvalue when (%—| < A <n—1. Simi¢ et al. [19] completely determined
the tree maximizing the largest eigenvalue when 2 < A < n — 1. Furthermore in

[14] we proved the following result:

Theorem 1.1 [14]. Let 7™ be a tree in .7-",§A), A=23,...,n—1and n > 4. Then

(&3
M(TD) > (T0P) >y (T 3 ) > A (T‘n ) > m(T?),

5[]

where 2 <1 < {%”] — 1, with the equality iff 7® = Tlﬂ

51312

Theorem 1.1 indicates that, the largest eigenvalue of a tree T in F, strictly
increases with its maximum degree when A(T) > %”—L— 1.

In the present paper, we investigate the relation between the largest eigen-
value and the maximum degree of a tree with a perfect matching. In quantum
chemistry a tree with a perfect matching represents an acyclic Kekulean conju-
gated hydrocarbon molecule (see [2,20]), so it is significant to investigate the larg-
est eigenvalue of a tree with a perfect matching. Xu [15] and Chang [8] deter-
mined the first seven trees with perfect matchings and large largest eigenvalues.
Clearly, if a tree 7 on n vertices has a perfect matching, then n must be even,
say n = 2m, and A(T) < m = (5 < [2n/3] — 1) with the equality iff 7 = T ,
which is shown in figure 1. Hence though 7, € F,, theorem 1.1 conveys nothing
on the relation for a tree in 7,. In section 3, we determine the trees in Tz(ﬁ) with
extreme largest eigenvalues (see theorems 3.1 and 3.2). Furthermore it is shown
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Figure 1. Trees B, ,_ a1 T and 75 .

that the largest eigenvalue of a tree T in 7y, also strictly increases with its max-
imum degree when [%] = ‘[sz—| < A(T) < m = n/2 (see theorem 3.6). To carry

out this, some graph transtformations are introduced in section 2.

2.  Preliminaries

Some groundwork is needed. First, we formulate some useful lemmas as
follows, which can be used to compare the largest eigenvalues of two rela-
tional graphs. For convenience some transformations based on these lemmas are
defined.

Lemma 2.1 [16]. Let G be a connected graph, and G’ a proper subgraph of G.
Then A1(G’) < A1(G).

Lemma 2.2 [16, 6]. Let u be a vertex of a non-trivial connected graph G, and let
Gg’ ; denote the graph obtained from G by adding pendant paths of length k and

Latu. If k> 1> 1, then A1(GY ) > M(GY,, ,_)-

Definition 2.3. We call the transformation from G,? , to Gg IRWE the «q transfor-
mation of G,? ;» that from Gg ; to G,? 4212 when k > 1 > 2 the aé transformation
of G,? ;» and that from Ggl to G,? 410 the o transformation of G,?’l.

Lemma 2.4 [16]. Let u and v be two adjacent vertices of G such that the degrees
of u and v are both greater than 1 in G. Let Gk ; denote the graph obtained
from G by adding a pendant path of length k (resp. [) at vertex u (resp. v). If
k>12>1, then K](le) > )‘I(Gk—HI -

Definition 2.5. We call the transformation from Gk ; to Gk 1o the «; transfor-
mation of Gk,l

Lemma 2.6 [17]. Let w and v be two vertices in a non-trivial connected graph
G and suppose that s pendant paths of length 2 are added to G at w, and
t pendant paths of length 2 are added to G at v to form Gf, Then either

11 (G2 ) > AI(G D A<i<ior 11(G? ) > Al(G D A<i<y).

s+i,t—i s—i,t+i
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Definition 2.7. We call the transformation from Gf,’z to Gy, where G; = G2

s+t,0
or G%’Hl such that A;(G1) > Al(Géz,?z), the B transformation of Gf,’t.

Let G be a connected graph with perfect matchings, as shown in figure
2, consisting of a connected subgraph H with a tree 7 added to a vertex r of
H. Let |V(T)| be the number of vertices of T, including the vertex r. Suppose
v(T) > 3. If v is a vertex of T furthest from r, then it is easy to see that v is
a pendant vertex of G and adjacent to a vertex u of degree 2. Let G| be the
graph obtained from G — u — v by adding a pendant path of length 2 to r.
If |V(T —u — v)| is greater than 3, we can repeat above transformation on Gj.
Finally we get a graph Gy when |V(T)| is even or a graph Hy when |V (T)] is
odd. Gy and Hj are shown in figure 2.

Lemma 2.8 [10]. Let G, Gy, and Hy be the above three graphs shown in figure 2.
Then A1(Gg) > A1(G) and A (Hpy) > 11(G), respectively.

Definition 2.9. We call the transformation from G to Gy or Hy the y transfor-
mation of G (on T).

Definition 2.10 [15]. Let 7 be a tree in F,, and n > 4. Let e = uv be a non-pen-
dent edge of T. Tp is the graph obtained from T in the following way:

(1) Contract the edge e = uv.
(2) Add a pendant edge to the vertex u(= v).

The procedures (1) and (2) are called the edge-growing transformation of T
(on edge e), or e.g.t of T (on edge ¢) for short.

Lemma 2.11 [15]. Let 7 be a tree with at least a non-pendent edge in F,, and
n > 4. If T can be transformed into Ty by carrying out a step of e.g.t, then
A (To) > 2(T).

G G, u
; ]l\m)\- I : }l(w)\- 0
)2 ]2
G, A,

0

Figure 2. Graphs G, Gy, G, and Hy.
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We will use oco,ag,a(’)‘,al, B,y transformations and e.g.t to compare the
largest eigenvalues of two trees in 75,,. Note that if a tree 7 has a perfect match-
ing, then 7 has a unique perfect matching. Denote the unique perfect match-
ing of T by M(T). Clearly if T’ is obtained from a tree T in 7, by a step
of a%,a(’)“, B or y transformation, then T/ € 7,,, i.e., T’ still has a perfect
matching. But g, o) transformations and e.g.t do not always have this property.
For «( transformation of a tree T = le in 7, T' = G0 411 € To 1ff
Pry1 U P4y is an M (T)-alternating path, where Pr4+1 and Pl+1 denote the two
pendant paths added to G at u. For «; transformation of a tree T = G1 kg In
Tom, T' = G1 411 € Tom Ut Py U{uv}U P4 is an M(T)-alternating path, where
Py4+1 and P;H denote the two pendant paths added to G at u and v, respectively.
Finally if T’ is obtained from a tree T in 75, by a step of e.g.t, then T’ € Ty,
iff the e.g.t is carried out on an (non-pendant) edge in M (T).

We summarize the above discussions and lemmas 2.2, 2.4, 2.6, 2.8 and 2.11
into the following.

Corollary 2.12. Let T be a tree in 7p,|.

(1) If T’ can be obtained from T by a step of oz(% or oy transformation, then
T' € Tr,, and A (T) < A (T).

QT = Gg’l and Pyy1 U Py is an M(T)-alternating path, then 77 =

Gyy1 o1 € Tom and A(T") < Ay(T).

3) If T = G,ll and Pr4q U {uv} U Pryqis an M(T)-alternating path, then

G}Cm | € Tom and A(T") < A(T).

(4) If T’ can be obtained from T by a step of B or y transformation, or
by a step of e.g.t on a non-pendant edge in M(T), then T’ € 7»,, and
A (T > M(T).

We also need the following partition of 7, introduced by Chang [1]. Let
Xam be the set of the trees on 2m vertices obtained from a tree 7 on m vertices
by adding one pendant edge to each of the m vertices of 7. Then X2, € Tom C
Fom. If T € Xo, is obtained from T, then T is denoted by c(T). Clearly every
pendant edge of a tree T in X5, belongs to M(T), i.e., M(T) consists of the pen-
dant edges of T. Let Xgm = {T € 7Ty,| there are exactly t non-pendant edges,
which belong to M(T)}. Then X(Z)m = Xom, X;”m_z = {Py,} and Tp,| = U;”:_O2X§m
It is not difficult to see that any T € X’Zm (tr=1,2,...,m—2) can be transformed
into a tree in Xg;l by a step of e.g.t on a non-pendant edge in M(T).

Lemma 2.13 [8]. Let C(T) be a tree in X»,,. Then

1 A “
(M) =3 [\/A%(T) +44 M(T)] :
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Lemma 2.14 [9]. Al(Tl{H) > ,\I(TZ{H) > > A (T1

L%H%W)'
Lemma 2.15 [15]. Let T be a tree in 7p,|. Then A(T) < %(«/m—l +
Vm+3),m=1,2,3,..., with the equality iff 7 = T

2m*
3.  Main results

For convenience, we introduce more notations. Let G and H be two graphs
whose vertex sets are disjoint. If v is a vertex of G and w a vertex of H, then
G(v,w)H denotes the graph obtained from G and H by identifying the ver-
tices v and w. Let Kj o be a star with center v, and vy, vy,...,va the pen-
dant vertices of K a. Let H; be a tree with maximum degree at most A, u;
a vertex of H; with dy,(u;) < A — 1,n; = |V(H;)| > 1 (including the
vertex u;), i = 1,2,..., A, and ZiAzl n; = n — 1. Then simply denote
Ky a(vy, up)Hy(va, u2)Ha, ..., (A, una)Ha by T(n, A; H, Hy, ..., Hp). If H; is a
pendant path P,, with an end vertex u;, then write H; as P,;; if H; consists of
L J pendant paths of length 2 and n; — 1 — 2 L”’_IJ (= 0 or 1) pendant

path of length 1 with a common end vertex u;, then write H; as C,,. Thus .7-",§A)
is just the set of T(n, A; Hy, Hy, ..., Hpx)s. And of course each T € %(n?) has
the form T (2m, A; Hy, Hy, ..., Hp). Moreover, there is exactly one of the n;s is
odd, since T has a perfect matching. Without loss of generality, assume that nj
is odd. Then in fact, %(n?) is just the set of T(2m, A; Hy, Hy, ..., Hpa)’s such that

1 >11is odd, n; > 2 is even for i :2,3,...,A,ZiA:1ni =2m—1, H —u; and
H;(i = 2,3,...,A) have perfect matchings. Without loss of generality assume
ny < N3 <o S NA.

Let

LS = T@m, &5 P, Poy. Poy Panang2) Usy) = C(TA ) (82 [252])

and let N(A — 1, m — A) denote the tree obtained from T1

pendant edge to each pendant vertex of T
Then

Amen by adding a

—1,m—A"

ALy = AWUSY) = A and A(N(A —1,m — A))

=max{A,m — A + 1}.
L®, y®

2m

and N(A — 1, m — A) are shown in figure 3.

Theorem 3.1. Lgi) is the unique tree in Tz(nf), which has the minimum largest
eigenvalue, where 2 < A < m.
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N(A—=1,m—A)

Figure 3. Trees L;An), Uz(ﬁ)’ and N(A —1,m — A).

Proof. Let T =TQ2m,A; H, H, ..., Hp) be a tree in Tz(nf) and T%L;ﬁ). First
T can be transformed into 7/ = T (2m, A; Py, Py,, ..., P,,) by repeatedly carry-
ing out o transformation on T, so A1(T’) < A1 (T), with the equality iff 7" =T
by corollary 2.12. (1). Moreover by ¢ and a(z) transformations, 7’ can be trans-

formed into Lgi). The conclusion follows from corollary 2.12. (1) and (2). ]

Theorem 3.2. Uz(’ﬁ) is the unique tree in Tz(;ﬁ ) , which has the maximum largest
eigenvalue, where [5]+1< A <m and m > 2.

Proof. Let T =T(Q2m, A; Hy, Hy, ..., Hx) be a tree in Tz(,ﬁ) and T%Uz(ﬁ). First
T can be transformed into 7 = T(2m, A; Cy,, Cp,,...,Cy,) by a step of y
transformation to 7 on each H;,i = 1,2,..., A, so M(T) < A (T, with the
equality iff 7" = T by corollary 2.12. (4). Moreover T’ can be transformed into
T" = Uz(ﬁ) or N(A — 1,m — A) by B transformations. Since A > (%] + 1,
A(T") = A. Noting that N(A — 1, m — A) can be obtained from Uz(i) by a step
of o transformation, the proof is completed. m]

2m

Lemma 33. 1 (USY) > o (USn ") == (U

Proof. Recall that Uz(i) = C(TAI—Z,m—A)‘ From lemma 2.13, we have k](Uéﬁ))

strictly increases with M(TAI_2 n_n)» and so the conclusion follows from lemma
2.14. o

Lemma 3.4. Let 7®) be a tree in Tz(rf), where m > 4 and [sz—‘ +1 <A <<m.
Then A (TA—D) < A(T®).

Proof. Since [ZT'"—‘ > [%]+1 when m > 4, by theorems 3.1 and 3.2, it suffices

to show that Al(U(A_l)) < AI(L(A)) for PT’"] +1 <A <m. When A = m, since

2m 2m
Léi) =T z’jn, the conclusion holds from lemma 2.15. So assume A < m — 1. Thus
L(zi) contains 75, as a proper subgraph, and by lemmas 2.1 and 2.15

(A)
2m

1
AM(L57) > M (Tyy) = 5[«/A —1++VA+3]
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Since U(A D =C(T, 3o As1)s by lemma 2.13,

(A— 1) 2
1(Uy, \/)‘( 3 ast) HA+HMTA 5 o ay)]:

And from the proof of theorem 3.1 in [9], we have

M(TA s nst) = \/%(m —1+/m—1D2—4A = 3)(m — A+ 1)).

So we are done by verifying that

IWA=T+ VA3 2 MU ™) & A2 Th 5, s +1
& A> [%’"] +1.

Lemma 3.5. Let T be a tree in 7p,,, where 2 < A(T) < sz and m > 4. Then
(%) ([51)
MM <y(U , with the equality iff T = U .

2m 2m

Proof. We distinguish the following three cases.

Case 1. L%J +2<A=AT) < PT’"] Suppose T = T (2m, A; Hy, H, ..., Hp).
First T can be transformed into 7" = T(2m, A; Cy,, Cp,, ..., Cn,) by a step of
y transformation to T on each H;,i = 1,2,. A Moreover by B transforma-
tions we can obtain a tree T”, where 7" = C( Com_n) OF N(A — I,m— A).

Thus A(T”) = max{A,m — A+2}. Sincem —A+2<m— %] = {T—|’
have |_ﬂJ + 2 < AT < {2—’”—| Noting that N(A — 1, m — A) can be obtained
from C(T, Cmen) by a step of «; transformation, by corollary 2.12. (3), (4),

and lemma 3.3, we have

3

2m
A(T) S AT S M(T") S M(C(TR_y - a)) < (Uz(n[ D)

([%])
with all the equalities iff 7 = U, .
Case 2. A= %]+ 1.

Subcase 2.1. T € Xy,,. Then T = C(F) for some F in F,, with A(F)=A—-1=
|4 |. From Lemma 2. 13, we know that A;(C(F)) strictly increases with A;(F),
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N S L . G

v w,

R, R, w

Figure 4. Trees Ry, Ry, R3, and R4 in the proof of lemma 3.2.

so from lemma 2. 14, we have

A(T) < Ay (c (TLI'?J’P?'P)) =M (Uz(,,[ﬂ))

2m
with the equality iff 7 = U({ 3 D

2m

Subcase 2.2. T € X!, .t > 1. Suppose T =T (2m, A; Hy, Ha, ..., Hp). Since n; =

n(H) > 2.0 =23, A and T =2m—1,m < 2m—-1-2|% | =24 ]-

1. Similarly na < 2 {2Tm—| If npo <2 PT’"] — 2, then by a step of y transforma-
tion of T on each H; we obtain 71 = K A (v, u1)Cy(v2, u2)Cpy - - - (WA, upa)Ciy .
Then |4+ 1 < A(T) < PT’"] and T; € X,,, and we are done by corollary

2.12. (4), case 1 and subcase 2.1. So assume np = 2 ZT'” . Then by a simple
calculation we have n; = 1,n; = 2,i = 2,3,..., A — 1, and there is a path of
length at least 3 with an end vertex ua in Ha. Let upwiwy, ..., ws, s > 3, be
such a path. Let I; and I, be the two components of Hx — uawj. Then by a
step of y transformation of T on each of I} and I, we obtain a tree Ry or R»,

as shown in figure 4. If R; is obtained, then since I_%J +1 < ARy < [ZT’"

and Ry € X»y,, we are done by case 1 or subcase 2.1. If R, is obtained, then
by a step of B transformation of R, we get a tree R with R = R3 or R4 and
A (T) < A(R) with equality iff T = R. Both R3 and R4 are shown in figure 4.

Noting that A(R) = A(R3) = A(Ry) = [ZT’"—| we are done by Case 1.
Case 3. A < L%J
Subcase 3.1. T € X5,,. Similar to the discussions in subcase 2.1.

Subcase 3.2. T € X!, ,t > 1. Then there is a nonpendant edge e € M(T). Obtain
T Xé;l from T by a step of e.g.t on e. Thus A(T]) <2A—-1<2|%|-1<
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PT'"—‘ If T\ ¢ Xa, and A(T1) < |4 ], then we can repeat the above discussion

to obtain trees T», T3, ..., T;, such that T; € X»,, or A(T}) > L%J + 1. Hence the
conclusion holds by case 1, case 2 or subcase 3.1.
The proof is thus completed. o

We are now in a position to state our main result.

Theorem 3.6. Let 7™ be a tree in TZ(H?)L A=2,3,...,mand m > 4. Then

a (1) > (T070) > (T(Pﬂ“)) > (Uz(n[ﬂ)) > (1),

m
where 2 < I < PT’"—|, with the equality iff 7¢) = U(n[ 3 D) Furthermore the

2
bound [ZT’"—| is best possible.

Proof. The first part follows immediately from lemmas 3.4 and 3.5. To see the
bound [sz—| is best possible, let 2m = 16. Then

2 _ ®) ®) (6) (6)
{Tm] =6,Ujg €Tg and L|¢ € Ty,

but 1 (UY) ~2.6764 > 1 (L'D) ~ 2.6254.
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